Introduction.
Let ^F be a smooth foliation of a smooth manifold M. We study the influence of the tangential and transverse geometry of ^ on the global structure of the foliated manifold (M,^).
THEOREM A. -Let M be a complete Riemannian manifold and let b e a totally geodesic foliation of M mth integrable normal bundle. Then the universal cover Kl of M is topologically a product L x H where i) L is the universal cover of the leaves of ^ , ii) H is the universal cover of the leaves of the foliation ^ determined by the normal bundle of ^, iii) the lift of ^ to Kl is the foliation by leaves of the form L x {p}, peH, iv) the lift of ^ to fA is the filiation by leaves of the form {p} x H, p e L, and v) the projection id -> L onto the first factor is a Riemannian submersion.
From Theorem A we obtain the following corollary, originally proved in [5] .
COROLLARY B. -Let 3F be a codimension-one totally geodesic filiation of a complete Riemannian manifold M . Then the universal cover of M is a product L x R and the lift of ^ is the product filiation.
In [9] it is shown that if M is a compact 3-manifold admitting a codimension-1 totally geodesic foliation, then ^(M) is infinite. From Corollary B we obtain.
COROLLARY C. -If M is compact with finite fundamental group, then no codimension-1 foliation of M is geodesible.
Theorem A is closely related to the decomposition theorem of De Rham [17] , [11] . Indeed, if ^ is also totally geodesic then Theorem A shows that M is a Riemannian product L x H from which De Rham's theorem follows.
In [17] De Rham studies a Riemannian manifold M by considering the subspaces of the tangent space T^(M) invariant under the action of the linear holonomy group with reference point x e M. We apply similar considerations to the study of Riemannian foliations. Let M be a smooth manifold and let ^ be a smooth Riemannian foliation of M. Let Q be the normal bundle of ^ and let g be a smooth metric on Q invariant under the natural parallel transport along curves lying in a leaf of ^ . Let V be the unique torsion-free metric-preserving basic connection on Q and let ^(x) be the holonomy group of V with reference point x e M . We say ^ is irreducible (reducible) if the action of ^(x) on Q^ is irreducible (reducible). Proo/. -C, is the curve in T^( )(L()) obtained by parallel translating the tangent vector to T at 1(5) along T back to r(so). Likewise, C^ is obtained by parallel translating the tangent vector to n^ o^c at TtiCcCs)) along Tii o ? back to ^(^(so)). Since ft(s))^ sends the tangent vector of T to that of TI^OT, lemma 2.1 gives the conclusion.
The next lemma is a standard result. Let PQ : LQ -> LQ and p^\L^->L^ be the universal covering spaces of Lo and Li respectively. To every germ / e ^ and every ^Cg e LQ and e Li such that po(xo) = 7io(/) anc ! Pi(^i) = 7ii(/)» one associates a germ / r of an isometry from Lo to L^ by taking the germ at 'XQ of the map p^ofopo which is defined in a neighborhood of 5co where / represents / and pj"
x denotes the inverse of the local isometry defined by restricting p^ to a small neighborhood of ^i. Clearly, if / e ^ has the path lifting property described in lemma 2.3, then so does f in the sheaf V of germs of isometries from Lo to L^. Proof. -Let KQ and T^ denote the source and evaluation maps of .? restricted to the connected component containing /. Since Lo is simply connected, the above discussion and lemma 2.3 imply that KQ is a homeomorphism. Thus n^ouo 1 is a local isometry from the complete manifold t.o into L^. Hence it is an isometry since it is a covering map (p. 176 [11] ) and L^ is simply connected. where (1) V, is a neighborhood of a(t) in the leaf of ^ through a(r), (2) (p,(a(0)) = a(r) for all (, (3) for each xeVo, the curve (p,(x) is an ^f-curve, and (4) (po is the identity map of VQ.
We will call a family (^) satisfying (1)- (4) an element of holonomy along the ^-curve a. 
by properties (1) and (2) Letting n^ : ^ -> L, be the evaluation map, it follows that for each t e [0,1], 7ii(<I),(5)) = ^(5) for all 5 < SQ since these two curves have the same developments by corollary 2.2. Now, by construction, for each fixed 5 < SQ, 7ii(0, (5)) is an J^ -curve in t. Hence for each s < 5o, ^(s) is an Jf-curve in t. By continuity, so is ^(so). Therefore, there exists an element of holonomy along ^(So) by lemma 2.5. Furthermore, sincê (5) = ^((^(.s)) for 5 < 5o with s near 5o, the uniqueness part of lemma 2.5 implies that the element of holonomy along ^F^o) agrees with that along n^^^s)) on the overlap of their domains. Hence there exists a continuation of a beyond 5o. This contradiction implies 5o = b.
Taking S(t,s) = ^(5), one has the following result. Remark. -In the terminology of Hermann [7] , corollary 2.7 proves that every c^f-curve is regular, while corollary 2.8 shows that every pair of leaves of ^ are regularly connected. Hence, by theorem 2.1 of [7] , any two leaves of ^ have diffeomorphic universal covers. In fact, more is true. Proof. -By 2.8, any two leaves are connected by an e^f-curve. This defines a germ of an isometry between them by lemma 2.5. By lemma 2.6 this germ has the path lifting property described in lemma 2.3. Hence the universal covering spaces of the two leaves are isometric by lemma 2.4.
From this point on, we assume that the normal distribution to ^ is integrable and thus defines a foliation ^ of codimension n -k (n = dim M) orthogonal to ^F .
Another consequence of corollary 2.7 is the following theorem first proved by Johnson and Whitt using a different method. Furthermore, by construction each g^ is an isometry defined by an element of holonomy along an Jf-curve a : [0,1] -> M with both a(0) and a(l) lying in Lo. Hence, by lemma 2.6 the germs of the isometry g^ have the path lifting property described in lemma 2.3. By cutting down the U,, we may suppose that/a (UJ is contained in a neighborhood over which the universal cover to of Lo is trivial. Thus we may lift the /, to obtain Riemannian submersions /, into Lo and an to^ocycle . Since the metric on Po is complete and bundle-like for n" 1^) we have that F : Po -> LQ is a locally trivial fiber space [8] . Thus <I> is a diffeomorphism and the following diagrams commute :
Let Lejt" 1^) . Then L is a complete Riemannian manifold and F/L : L -> LQ is an isometric immersion. Hence L is a covering space of
This completes the proof of Theorem A. We now consider totally geodesic foliations for which every leaf is flat. Since each leaf of ^ is a complete flat Riemannian manifold, it follows that the universal cover of each leaf is R" ~1 with its standard metric. Hence each leaf of ^ has polynomial growth of degree ^ n -1. In particular, all the leaves of ĥ ave non-exponential growth. Hence either ^ has a compact leaf or elsê is without holonomy [15] . If ^ has a compact leaf, then M fibers over S 1 [10] . If ^ is without holonomy, then ^ is topologically conjugate to a foliation defined by a non-vanishing closed one-form [18] . Hence M fibers over S 1 by Tischler's Theorem [19] . Finally 
5) if ^ has no closed orbits, then 7ii(M) is abelian and M fibers over
Proof. -(1) and (2) See [5] for a more complete description of codimension-1 totally geodesic foliations of 3-dimensional manifolds.
Example. -This example uses the method of suspension of [6] . Let L be a compact manifold and let n : L -> L be the universal cover of L. Let H be a manifold and let (p : 7ii(L) -> Diff(H) be a homomorphism. The foliation of L x H by leaves of the form L x {pt.} passes to a foliation ^F of the associated fiber bundle M = L x " (^)H transverse to the fibers. Let ^ be the foliation of M by the fibers of the bundle. Let T(^) and T(^) be the subbundles of T(M) tangent to ^ and ^, respectively. Then T(M) = T(^) @ T(^). Put any Riemannian metric on L. This induces a metric on T(^). Put any metric on T(^). By decreeing T(^) and T(^) to be orthogonal, »we obtain a Riemannian metric on M. This metric is bundle-like for ^. Hence ^ is totally geodesic [10] .
e.g. Let L = T^, the two-holed torus, and let H = S 1 . Then 7ii(L) is a subgroup of SL(2,R) and hence acts in a natural way on S 1 . Endowing L with the hyperbolic metric, we obtain a codimension-1 foliation of M with totally geodesic leaves of constant negative curvature.
Example. -Let G be a connected Lie group admitting a bi-invariant metric <-,->. Since the 1-parameter subgroups of G are geodesies, the left cosets of a connected subgroup H form a totally geodesic foliation of G. Let ^ be the Lie algebra of left invariant vector fields on G, let ^ be the subalgebra associated to H, and let A 1 be the orthogonal complement of A in ^. Since <[X,Y],Z> = <X,[Y,Z]> for every X, Y, Z e ^, on taking X, Y e ^ and Z e ^ it follows that ^ is integrable if and only if ^ is an ideal of ^, i.e. H is a normal subgroup of G. If this is the case, the same argument shows ^ to be an ideal which thus defines a connected normal subgroup K of G that is orthogonal to H. Therefore on passing to the universal covers of G, H and K we have G == H x K as a group product. An irrational flow on the torus is a particular case of this example. [12] , [13] . Let x e M and let C(x) be the loop space at x. For each reC(x), the parallel transport along T is an isometry of Q^. The set of all such isometries of Q^ is the holonomy group ^(x) of V with reference point x.
We now prove Theorem D. If ^F is irreducible, we are done. Assumê is reducible. Let Q^ be a non-trivial subspace of Q^ invariant bŷ (x). Let yeM. Choose a curve T from x to y and let Qy c= Qy be the image of Q^ by the parallel translation along T . Then Qy depends only on the point y and so we obtain a smooth distribution Q'c:QcT(M). which shows that V is a basic connection for ^F'. Since V is metricpreserving and induces the natural parallelism along the leaves of 3F', it follows that the restriction of g to Q" is invariant under the natural parallel transport along y and so 3^' is a Riemannian foliation completing the proof of the lemma.
We may decompose Q^ as a direct sum Q^ = Q$ ® Qji ® • " © QS of mutually orthogonal subspaces invariant under ^(x) where Q$ is the that a differential r-form co on M is base-like [16] if i^w = i^dw = 0 for all X e r(E) where i' x denotes the interior product. Since ^ has recurrent curvature, there is a base-like one-form a on M such that VR = R (x) a. Let x e M . Let /: U -> V be a submersion whose level sets are the leaves of j^/U where U is a neighborhood of x in M and V is an open set in R 4 , q = codim (J^). There is a unique Riemannian metric g on V such that f*(g) = g. Let V be the Riemannian connection on V. Then /^(V) = V/U. Let R be the curvature of V. Since a is base-like, there is a unique one-form a on V such that /*oc = a. Then we have V = R ® a and so V is a Riemannian manifold with recurrent curvature tensor.
Let 7i : 0(Q) -> M be the orthonormal frame bundle of Q, a principal 0(g)-bundle. Let r be the connection in 0(Q) corresponding to V and let Fu be the connection in 0(Q)/U = TI'^U) induced by F. Let uen'^x). Let ^(u) (respectively, ^¥°(u)) be the holonomy group (respectively, restricted holonomy group) of F with reference point u. Let ^(u.U) (respectively, ^(i^U)) be the holonomy group (respectively, restricted holonomy group) of F^j with reference point u. Let 7i : 0(V) -> V be the orthonormal frame bundle of V and let F be the connection in 0(V) corresponding to V. Let u = f^(u) and let ^(u) (respectively, ^(u)) be the holonomy group (respectively, restricted holonomy group) of F with reference point u. Since M is simply connected, we have T 0^) = ^¥(u). By choosing U and V to be simply connected, we have T°(M,U) = ^(^.U) and ^°(u) = V(u). Since r is a real analytic connection in the real analytic principal fiber bundle 0(Q), we have (shrinking U if necessary) ^°(u) = ^(^U) [11] . Since 0(Q)/U = /^(CKV)) and F^ = /-^r),
we have ^(^U) c ^(u) and hence ^V(u) cz ^(u). Since ^ is irreducible, it follows that the restricted linear holonomy group of V is irreducible. Since V has recurrent curvature tensor and dim (V) ^ 3, its curvature tensor is parallel [11] ; i.e., VR = 0. Thus VR = 0. Hence M fibers over a simply connected Riemannian symmetric space N with the leaves of ^ as fibers [3] . Clearly N is compact and is necessarily irreducible. 
